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Abstract, g-vertex operators for quantum affine algebras have played impor- 
tant role in the theory of solvable lattice models and the quantum Knizhnik- 
Zamolodchikov equation. Explicit constructions of these vertex operators for 
most level one modules are known for classical types except for type ci^' , 
where the level —1/2 have been constructed. In this paper we survey these 



results for the quantum affine algebras of types A„ 



(1) 



1. Introduction 

Algebraic conformal field theory can be simply described by the beautiful prop- 
erties of the Virasoro algebra, vertex operators of affine Lie algebras, and the 
Knizhnik-Zamolodchikov equation. The vertex operators or intertwining opera- 
tors between certain representations of affine Lie algebras stand at the core of the 
foundation since they also provide solutions to the KZ equation. Most advances 
in this part of Lie theory around 1980s circled around this interesting subject. 
Vert ex op erator s also helped the introduction of the vertex algebra by Borcherds 
|Bo| (cf. ||FLM| ). In 1985 Drinfeld Q and Jimbo @ introduced the notion of 
quantum group, a q-deformation of enveloping algebras of Kac-Moody algebras. 
This has inspired torrential activity to quantize existed phenomena in Lie theory. 
Lusztig first q-deformed the integrable modules of Kac-Moody algebras ^ . Then 
the q-deformed level one modules of quantum affine algebras were constructed by 
vertex representations |FJ, pl|. Quantum KZ equations were defined by Frenkel- 



Reshetikhin using the q- vertex operators | FR | , and their matrix coefficients provide 
the solutions for the q-KZ equations. The Kyoto school used the q-vertex operators 
in solvable lattice models (see | JM]). They proposed that the half of the space of 
states H, on which Baxter's corner transfer matrix is acting, can be identified with 
highest weight representations of quantum affine algebras. Then the correlation 
functions and the form factors can be computed in terms of the q-deformed ver- 
tex operators. Moveover their integral formulas are immediately given by explicit 
bosonization of the q-vertex operators. Because of its applications in statistical 
mechanics models and q-conformal field theory, the program for realizing various 
q-vertex operators attracted the attention of several researchers. It started with 
the explicit bosonization of level one case for Uq{Ai!:^) first forn = 1 [ [IMM]N| ], then 
for general n by Koyama |Kol|. Kang, Koyama, and the first author |JKK| gener- 
alized the bosonization to type Dn \ More recently we gave explicit bosonizations 
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for other types of quantum affine algebras |JM1, JM2, JK]. Some lower rank cases 
of other modules are also considered in ||, |Ko2 |. 

In this work we will review the techniques involved in the realization of q- vertex 
operators and provide a unified description for the untwisted quantum affine al- 
gebras of classical types. To minimize the length of the paper we do not include 
twisted quantum affine algebras which have been considered in [JM2|. However the 
basic ingredients are similar in all cases. 

Currently two methods of deriving q-vertex operators are used: coproduct for- 
mula (cf. Theorem |3.1| ) and direct computation using commutation relations. We 
take the approach of coproduct to present the results, however this method is not 
sufficient to determine the q-vertex operator in all the case (cf. type C^^' in ra). 
We refer the reader to |JK| for more detailed information about the direct compu- 
tation approach. Due to lack of space we do not include the intertwining operators 
for the Drinfeld comultiplication. Their bosonization agrees with our vertex opera- 
tors in the special computable component. The rest of the components in [DI| are 
then derived using normal ordering and commutation relations. 

This paper is arranged as follows. In section two we review the basic notations. 
Drinfeld realization, the coproduct formula and the level zero action of the Drinfeld 
generators are computed in section three. In section four we discuss the construc- 



tions of level one modules for types An \ Bn\ 



Dn'^ and level 



-1/2 modules for 



type Cn ■ These constructions are used to construct the q-vertex operators in the 
last section. 



2. Notation and Preliminaries 

Let A = (Aij), i,j £ I = {0, 1, • • • , n} be the generalized Cartan matrix of type 

4(1) r)(l) 
-Tin , -On , On , Ol l^n ■ 

Let 5 — g{A) be the associated Kac-Moody algebra , and hi [i e /) and d be the 
generators Q of the Cartan subalgebra h. We define the affine root lattice of g to 
be 

Q = "La^ • • • Za„, 

where ai G h* such that < ai,hj >= Aji and < ai,d >— SiQ. The affine weight 
lattice P is defined to be 

P = ZAo • • • ZAn ZS, 

where Ai{hj) = Sij,Ai{d) = 0, and S{hj) — 0,S{d) — 1 for j G /. The dual affine 
weight lattice is then defined as 

P"" = Z/lo Z/li • • • Z/ln © Zd. 

We will denote the corresponding weight (resp. root) lattice of the finite dimen- 
sional Lie algebra g by P (resp. Q). 

The nondegenerate symmetric bilinear form ( | ) on h* satisfies 

(2.1) ia,\aj) = d,A,,, {S\a,) = iS\5) ^ for alH, j e /, 

where di — 1 except for {do,-- - ,dn)— {!,--- ,1,1/2) in the case of Bn \ and 
(do,-- - ,dn)=(l,l/2,--- ,1/2,1) in the case of ci^\ 

Let Qi ~ q*^^ ~ q2(°'i\°'i) £ /. The quantum affine algebra Uq(Q) is the associa- 
tive algebra with 1 over C(g^/^) generated by the elements e^, fi {i e /) and g'* 
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{h G -P^) with the foUowing relations : 





q^+^' , g° = l, for e P^, 




9"'(''^e„ = for /i G P^(z € /), 




f +-1 

' \ , where = q,f' = and i, j S /, 
ft - ft 


E 

m-{-n—l~aij 


(-l)"e|™^e,e|")=0, and 


E 


(-ir/^V./f^ = forz^j, 


m-^n—l — aij 






/i'^ = ft/W: H.! = nr=iW^, and [fc]. = ^^^^ 



For 

ft - ft ' 

simplicity we will denote [k]i — [k] for i = 1, • • • , n — 1. The derived subalgebra 
generated by e^, fi, ti [i g /) is denoted by [/^(g)- 

The algebra [/^(g) has a Hopf algebra structure with comultiplication A, counit 
u*, and antipode S defined by 

l\{q^) ^ for h G P"^, 

A(ej) = (8) 1 + (K) gj, 

(2.2) = 1 for e P^, 

M*(ei) = = for i e /, 

S{q'') = g"'' for/ieP'', 

5(e,) = -t-^e,, S{h) = -hU for tel. 

Let y, be two [/q(0)-niodules. The tensor product V (E) W is defined as the 
[/q(g)-module via the coproduct A. The (restricted) dual J7g (5)-module V* is de- 
fined by 

{x ■ v*){u) = v*{S{x) ■ u) 
for X e Uq(g), u eV, and v* G V* . 



3. DRINFELD REALIZATION AND LEVEL ZERO MODULES 

We now recall Drinfeld's realization of the quantum afhne algebra Uq{g) (and 
of J7^(fl))(cf. 0). Let U be the associative algebra with 1 over C{q^^^) 

generated by the elements xf{k), ai{l), K^^ , 7^^^^, q^'^ {i = 1,2, ■ ■ ■ ,n, k e Z,l e 
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Z \ {0}) with the foUowing defining relations : 
[7=^^/^u] for all u G U, 

[ai{k),aj{l)] = dk+i,o — J 

k - 

q''xf{k)q-'' = q'^xfik), q%{l)q-' = q'a.H), 

[adk),xfil)] = ±Ml^T|fe|/2^±(fc + ;), 

xf{k + l)xf{l) - <z±("'l"^)a;f(/K±(fc + l) 

= q±("'l"^)a;±(fc)a;±(/ + 1) - x±G + (fc), 

(3.1) [x+(fc),x-(0] = _i (I'^Mk + - T^^^^Cfc + O) , 

where ipi^m) and ipi{—m) [m G Z>o) are defined by 



m=0 

CX) 



m=0 

and the Serre relations are: 

m—l — Ai^ 

Xf{k,)---Xf{kr)xf{l) 



(3.2) Sym,^,...,,,,^ ^ (-1)^ 



r=0 

■ xf{kr+i) ■ ■ ■ xf{k,n) ==0 if « 7^ i- 

We denote by U' the subalgebra of U generated by the elements xf{k), ai{l), Kf^, 
7±i/2 (i = 1, 2, • • • , n, A: e Z, ; e Z \ {0}). 

Based on the general result of |D2[ one can compute directly the isomorphism 
as given in Jjst . The e-sequences correspond to reduced expressions of the longest 
element in the Weyl group. For details see |Q. 

Proposition 3.1. 03] Let ii,i2,-'' i^/i-i be a sequence of indices given in the 
Table. Then the C{q^^)- algebra isomorphism ^' : ^/^(g) — > U is given by 

a 1-^ a;+(0), /i 1-^x7(0), tii-^Ki for i ^ 1, ■ ■ ■ ,n, 

(3.3) eo ^ [xi^_,iO),--- ,xi^iO),xr{l)]g.^...g'H-2jKg^,, 

fo ^ a(-g)-^7-iXe[<_,(0),--- ,<(0),<(-l)],n...,=.-., 

to ^ lKg\ q^^q\ 

where Kg — Ki^ ■ ■ ■ Ki^ -^, h is the Coxeter number, e ~ 'Yl!i=i ^i- constant a 

is 1 for simply laced types An\Dn \ a — [2]i for Cn \ and a — [2]^^^^-''^ for Bn\ 
The restriction of to U^(g) defines an isomorphism ofU^(g) and U'. 

Table: e-Sequences for simple Lie algebras 



m 
r 
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e-Sequence. e = ^ 


e 




-1 -1 
ai ^ ■ ■ ■ ^ an 


-n+1 


Bn 


-1 -1 -1 -1 

ai — > • • • a„_i — > a„ — > • • • ^ a2 


-2n+4 


Cn 


-1/2 -1 -1/2 -1/2 

ai — > • • • — > — > • • • — > Q;2 — > ai 


-n+1 


Dn 


-1 -1 -1 -1 -1 
^ . . . ^ Q,^ a„-2 —f---^a2 


-2n+4 



Through the isomorphism of Proposition the coproduct will be carried over 
to the Drinfeld realization. The following result is true for all type one quantum 
affine algebras. 

Theorem 3.1. Let k £ Z>o, / G N, and let (resp. N^) be the suhalgehra o/U 
generated by the elements a;^ (— mi) • • • (— TOs) (resp. x~^{mi) ■ ■ ■ x~ (nis)) with 
TTii e Z>o. Then the comultiplication A of the algebra U has the following form: 

xj{k) (g) 7*^ + -i'^^Ki (g) xj{k) 
fe-i 

+ i)®l''^^x'l{j) {mod «> A^+), 

3=0 

xt{-l)®l-'+K-'®x+{-l) 
i-i 

+ ^ 7^(p(-? + j) ® 7"'+-'x+(-j) [mod iV_ (g 7V^), 

+7' 
i-i 

+ ® l^^S - 3) {mod Nl ® N+), 

-k 



Aix+ik)) 



A(x+(-0) 



A(x-(0) 



A(x-(-fc)) = 



X," (fc) (g 7 + 7^" (g xr (-/c) 



ipi{j-k) {mod Nl^S) N+), 



fe-i 

+ ^7^-'=a;-(-i)(g7- 

0^(0 ® 7^ +7^ 'X'ai(/) {mod N^(g) 
ai{-l) ® 7"^ + 7"^ (g, ai(-0 (mod iV_ (g 7V+). 
Moreover the same formulas are true for the derived subalgebra U' . 

Let V be the finite dimensional representation described by the following repre- 
sentation graphs. Note that the graphs are crystal graphs, and they are also perfect 
crystals KMN | except in the case of Cn'' ■ Let Vi be the basis elements (i G /) , and 



A(a,(0) 
A(a,(-0) 



/ is the index set. Let Eij be the matrix units. We can read the actions from the 

graphs. 

The C/g(0)-module structure on the affinization or evaluation module of V | KMN| 
is given as follows. We equip the affinization Vz — V 1^ C{q^/^)[z, with the 
following actions: 

(3.4) t,{v(g,z"') 
g'^(f (gz") 
for i e I, V eV. 



e^w (K) '""^ fi{v (Si z™-) = fiV ® z"" 

tiV(g)z"', 
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Figure 1. Representation graphs 



The evaluation module Vz is a level zero Uq(^) -module, i.e., 7 acts as identity 
(= q°). Through the isomorphism ^' the evaluation module is also a U- module. 
The action of the Drinfeld generators are given by the following result. 

Define r = t{A) as follows: 

' n + 1 
^ ^ I 2n - 1 Bi^^ 
I 2n + 2 Ci^^ 
, 2n-2 D^n\ 

We define the content of each vertex in the representation graph by 




i if i < n 

T — i if z S {1, • • • ,n} 



Here we adopt the convention that i = i. 
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Theorem 3.2. |Kol, JKK, JM, JK For j e {I,-- - ,n}, the Drinfeld generators 



act on the evaluation module Vz as follows 



a,{l) = E 
x+ik) 

(3.5) r 





\qj ^E,i^j)A3) 


- q]Ee(j),e{])) 




{q^-^zfEo,n 


o(l) 








^ z)''{En-l.j[ 




^(1) 


iz)'=[2]„£W,o 


+ {q^'zfEo,, 


^(1) 


^z]''E- 






^zY{E^,n-l 




^(1) 


{q^-^zYHEr, 


,n — q''EQ^o) + 


(^0,0 ^ ?^-^n, 



a„(/) 



^^{q^-^z)\{En,n - q'Eo^o) + {Eofi - q'En,n)) B^^^ 

l^{q--^zy{q-'E„„~q'E^^^), Ck'^ 
M(g"-iz)'((7-'£;„_i.„_i - q'Ej,,j, 

+q-'E^^„ - q'E^^^) Dk'^ 



where the summation runs through all possible pairs i{j) e{j) in the represen- 
tation graphs connected by j . j = 1,2, ■■■ ,n — 1 (but we allow j = n for type An "' ), 
k<El andl e Z\{0}. 



Theorem 3.3. | Kol , JKK , JM , JK | The Drinfeld generators act on the dual eval- 
uation module V* — C{q^^'^)[z, z^^] as follows. 



(3.6) 



x+{k) 
xj{k) 
ajil) 



x+{k) = 



x„ (fc) = 



ln(0 



( q)J2{i{j),e{j))iqj ^i(j)M3) 

" (-g'i)((g-"z)^-[2]„i?*.„ + {q--+'zfqE±^), 

hq-'){q-"+'z)''El^, 
{-q-^){q-"+^z)HEln-l+Ei^J, 
i-q)iiq-"+^zn2U-'El^ + {q-^zfE^,) 
{-q)(q--+^z)^E:^^, 
(-g)((7-"+iz)'=(i?:_i,^ + S;_), 



^(1) 

rW 

^(1) 

^(1) 



D 



(1) 



M 

m 
I 



^(9 



(.q 



-n+1 



a, 



(1) 



^(1) 



where the summation runs through all possible pairs i{j) — > e(j) in the represen- 
tation graphs connected by j . j = 1,2, - ■■ ,n— \ (but we allow j = n for type An ^ ), 
keZ andl e Z\{0}. 
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4. Vertex representation of UqQ) 

In this section we recall the level one realizations of Uq(g) for g = A^P, dIP as 
given in |^ and g = bIP in |JM1[ (cf. Q for V"(Ao)). We also recall the level 
— 1/2 realization of Uq{Cn '') as given in [|JKM| . The quantum affine algebra Uq(Q) 
has level one irreducible representations: V{Ai), i — 0,1, - ■ ■ ,n for An^] i — Q,\^n 
for Bn^ and j = 0, 1, n — 1, n for D^p . 

The weight lattice P has two coset representatives Q and (5+A„, where denote 
the fundamental weights in P. We will express any level one fundamental weight 
Xi as a linear combination of the simple roots and A„. 

Let e: Q X Q — > Z2 = {±1} be a cocycle such that 

(4.1) e(a, /?)£(/3, a) = (_i)("l/3)+("l«)(/3|/3)^ 

whose existence can be constructed directly on the simple roots. Then there cor- 
responds a central extension of the group algebra C(Q) associated with e such 
that 

1 ^ Z2 ^ C{Q} C{Q) 1. 
If we still use e" to denote the generators of C{Q}, then we have 

(4.2) e"e^ = (-l)("l'3)+("l")(/3|/3)e/3e". 
for any a,f3 & Q. 

Moreover we define the vector space C{P} ~ C{Q} CjQje'^" as a C{Q}- 
module by formally adjoining the element e^" . 
For a E P define the operator da on C{P} by 

(4.3) 9ae^ = ia\P)e'^ 

Let Uq (h) be the infinite dimensional Heisenberg algebra generated by (fc) and 
the central element 7 (fc € Z\{0}, z = 1, • • • ,n) subject to the relations 

(4.4) [a^{k),aM = S,+J-^^^—^. 

k qj ~ 

The algebra Uq{h.) acts on the space of symmetric algebra Sym{h.^) generated by 
ai{—k) (fc e N, i = 1, • • • , 71) with 7 = (7 by the action: 

ai{—k) i—i- multiplication by ai{~k), 



ai{k) . . ^ 



[Ai.jk]i q^ - q ^ d 



. k qj - q^^ daji-k)' 



For the case of B'n'' we need to consider an extra fermionic field. For Z = Z + s 
(s = 1/2, NS-case; s = 0, R-case), let C| be the g-deformed Clifford algebra 
generated by K{k), k £ Z satisfying the relations: 

(4.5) {«(fc),K(0} = ((z' + g"')4,-i, 

where k,l € Z and {a, b} = ab + ba. 

Let A{Cq'y be the polynomial algebra generated by K{~k), k <E Z^q, and A(C~)g 
(resp. A(C~)f ) be the subalgebra generated by products of even (resp. odd) number 
of generators k(— A:)'s. Then 

A(C-)^ = A(C-)g®A(C-)^ 
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The algebra acts on A(C^ y canonically by (fc e ^>o) 
K,{—k) I—)- multiplication by k(— /c), 

K{k) 



We define that 

V{K) = ^ymh-)® (C{g}e^% A':t^\D\l^ 

V{Ko) = Sym{\i~) ® {C{Q,,} ® K{C^)l'^ ® C{Qo}e^^ ® KC-)\'^), B^l^ 
y(Ai) = ^2/TO(h-)®(C{Qo}e^^®A(C-)y'®C{Qo}®A(C-);/'),Bi^) 
y(A„) = ^yTO(h")®C{Q}e^"®A(C-)°,B4') 

where i = 0, • • • , n for aI^^ and i = 0, l,7i — l,7i for Dn^. C{(5o} is the group 
algebra of the sublattice of long roots in the case of Bn'^ . Here for convenience we 
denote Aq — 0. 



Proposition 4.1. |FJ|| JMl The space V{Ai) of level one irreducible modules of 
the quantum affine Lie algebra Uq(Q) is realized under the following action: 

7 (7, Kj 1-^ q'^"^ , aj{k) aj(k) (1 < j < n), 

- xHz)-expi±f:^q^'^f'z'^)eMTf:^<l^'^'z-') 
xe^"'z^^°.+\ l<i<n; when g ^ B^P , l<i<n-l 

fe=l l-^^'-l" i^^i l^'^ln 

xe^°'"z^^''^+^/^{±K,{z)), forg^B^n^ 
where k{z) = X^mez '*(^'^)-^ ™- -^'^^ highest weight vectors are \Ai) = e^^ . 

We now recall the level -1/2 realization of C/q(Ci^^) ||JKA| . There are four level 
-1/2 weights: = -^Ao,fi2 = -fAo + Ai-i^, ^3 = -iA„,^4 = -|A„ + A„_i. 

Let ai{m) be the bosonic operators satisfying (iA) with 7 = Let 6i(m) 

be another set of bosonic operators satisfying the following defining relations. 

fi^ [Mm),bj{l)] = TO%(5,„+/,o, 

^ ' [a,(m),6,(/)] - 0. 

We define the Fock space J^a./s tor a £ P + §A„, (3 £ P hy the defining relations 
ai{m)\a, (3) = (m > 0) , 6i(TO)|a, /3) = (m > 0) , 

a,{0)\a,(3) = (a,|a)|a,/3) , 6,(0)|a,/3) = (2£,|/3)|a, /3) , 

where |a, /?) is the vacuum vector, and Si are the usual orthonormal vectors. 
We set ^ 

QeP+iZA„,/3eP 

Let e""' = e"' and e''* (1 < i < n) be operators on J- given by: 
e"'|a,/3) = |a + £„/?) , e''' |a, /3) = |a, /3 + 
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Let : : be the usual bosonic normal ordering defined by 

: ai(m)aj{l) :— ai{m)aj{l) [m < /), aj{l)ai{m) (jn > I), 

: e°a,(0) :=: a,(0)e° e"a,;(0) . 
and similar normal products for the 6,(771) 's. Let d ~ dgi/2 be the q-difference 
operator: 

We introduce the following operators. 

Zf{z) = exp(±£ M_^z'=)exp(Tf: ^z-'=)e±^-z±^'(°). 

k=l k=l 

We define the operators xf{m) (7 = 1, • • • , 77, tjt, G Z) by the following generating 
functions. X^{z) ^ T,mezxf {m)z-"'~\ 

X+(z) = dZ+(z)Zr^,{z)Y+(z), t = l,---n-l 

Xr[z) = Z-{z)dZ+^,{z)Y-{z\ i^l,---n-l 

X+{z) = (^±-^:Z+{z)d^Z+{z):-:dZ+{q^z)dZ+{q-'^z))Y+{z) 

X-{z) = ■.Z-{qh)Z-{q-h):Y-{z). 



Remark. Our ai{k) differs from that in |JKM|, where we took ai{k)/[di\ for ai{k). 

Furthermore, we know that T contains the four irreducible highest weight mod- 
ules (| ]JKM |). Let ^a^fj be the subspace of Ta^p generated by 0^(777) (i = 1, • • • , 77 € 

Z, 777 G Z) Similarly, let (j = 1, • • • , 77) be the subspace of Ta,p generated by 
bj{m) {m E Z). We can define the following isomorphism by \a,(3) (g) \a' , (3') — > 
\a + a',l3 + P'). 

Let QJ be the operator from J-'^'p to ^'^''p^^, defined by 

1 



Z. {z)dz. 



27rV-l 

We set subspaces !Fi {i = 1, 2, 3, 4) of T as follows. 



where 



J = l 



for P — liEi + • • • + ln£n- Then we have the following proposition. 
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Proposition 4.1. flJKMjj Each Ti {i — 1,2,3,4) is an irreducible highest weight 
Uq-module isomorphic to V{fii), The highest weight vectors are given by \fii) — 
|0,0), |m2) =6i(-l)|Ai,Ai), \H3) = \-hXn,0), |/i4) = |-iA„~e„,-£„). 



5. Realization of the level one vertex operators 



We first recall the notion of Frenkel-Reshetikhin vertex operators |FR[ | . Let V 
be a finite dimensional representation of the derived quantum afRne Lie algebra 
Uqis) with the associated affinization space Vz (cf. @. Let V{X) and V{n) be 
two integrable highest weight representations of Uq(Q). The type I (resp. type 
II) vertex operator is the ?7g(5) -intertwining operator $(2;): V{X) — > V{fi)i^Vz 
(resp. V{\) — > Vzi^V{ii)), which equals to ^{z)z'^^'^^'• where $(z) is the Uq(g)- 
intertwining operator. Here the tensor product is completed in certain sense, and 
we will write ^ for (g) in the sequel. is the conformal weight for /i. For simplicity 
we will compute the intertwining operators ^{z) for the derived subalgebra Uq(Q). 



The existence of vertex operators is given by the fundamental fact |FR| (cf. 
|DJO |) (true for both types, though stated for type I): 



Hom^^(^'){V{X),V{^^) (E)Vz) ~ {v E V\ wt{v) ^ \ - pi mod S and 
(5.1) e^^^-'^'^+^w = for i = 0, • • • , n}, 

where the isomorphism is defined as follows. We say a pair of weights (A, /z) is 



admissible if they satisfy (5.1). For each admissible pair (A, /i) there corresponds 
uniquely a special vector Vi in the crystal graph such that wt{vi) = A — /i. We then 
normalize the corresponding vertex operator as follows. 

(5.2) $^^(z)|A) — l/i) ®Vi+ higher terms in z 

Type II vertex operators assume similar normalization. 

For the evaluation module V2, we define the components of the vertex operator 
: V{X) V{fi) ® Vz by 

(5.3) <i>f (z)|u)=5]$^J(z)|z.)®i;„ 

for \u) € ^(A), and j runs through the index set J for the basis of V as in the 
Figure 1. 

We also consider the intertwining operators of modules of the following form: 
$^^(z) : V{X) <»Vz^ V{n) C[z, 2-1] 
by means of the vertex operators with respect to the dual space V* : 

(5.4) $^^(z)(|^;)®^;,) = 'i>^^WI«> 

for \v) G V{X) and i belongs to J. 

For a node j in the crystal graph we define the weight of j to be ~ 
ei(j))Ai, where fi{j) is the number of i-arrows going out of j, and ei{j) is the 
number of z-arrows coming into j. 

By the intertwining property it is easy to see the following determination rela- 



tions. For more expHcit relations see |Kol|, [JM2|, |JK], |JKK 
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Proposition 5.1. The vertex operator ^{z) of type I with respect to Vz is deter- 
mined by its component ^i{z), where 1 is the last vertex in the representation graph. 

k 

In particular, for each pair i — > j in the graph, we have 
(5-5) Mz) = h]fe^[^j(^),/fe]g-(»'0).H), 

where rj counts the number of k- arrows coming into j. With respect to V* , the 
vertex operator ^*{z) of type I is determined by ^*{z), and for each pair i j 

(5.6) $*(z) = [r,]^\fk,^;{z)]-i^H^^..o, 
where rj counts the number of k -arrows coming into j. 

Proposition 5.2. Let ^(z) be a type II vertex operator with respect to Vz: V{X) 
Vz (S) V{iJ,). Then ^{z) is determined by the component ^i{z). More precisely, for 

k 

each with pair i — > j we have: 

(5.7) *i(^) = K]fc'[^i(^),efc] 

Ik 

where r[ counts the number of k-arrows going out of i. With respect to V* the 
vertex operator ^*{z) of type II is determined by its component ^j{z), where 1 is 

k 

the last vertex in the crystal graph. For each pair i — > j we have 

(5.8) $*(z) - ql[r[]k^[ek,^*{z)] ,^tu),Ho, 

^k 

where r- counts the number of k-arrows going out of i. 

Proposition 5.3. Let Uq(g) be the quantum affine algebra of type An\Bn \ or 

Dn^ ■ (a) Let $(z) : ^(A) — > V{iJ,)'^Vz be a vertex operator of type I, where (A, /x) 
is an admissible pair of weights. Then we have for each j = 1, • • • , n and k gN 



[^j{z),Xf{w)] = 0, for type A, we letl = n-\-l 

tj^jiz)tj' = q'^'^jiz), 

[a,{k),<i>j{z)] = ,5,.iM,(r+3/2)fe,.^_(,)^ 

[aj{-k),^j{z)] = 5,ii^«-(-+V2)fc^-fe$_(^). 

(b) If ^{z) is a vertex operator of type I associated with V* , then 

[$i(z), X'^{w)] = 0, for type A, we letl = n+l 

t,^l{z)tj' = q'^^niz), 

[ajik),^l{z)] = Sj^l'^z'^^liz), 



[aji-k),n{z)] = Sj^q-h-'^^liz). 
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(c) If $(^) is a vertex operator of type II associated with Vz, then 

[^i{z),XJ{w)] = 0, 

tj^i{z)t^^ = q-'^'^iiz), 

[a,(fc),$i(z)] = -sJ-!^q'^/^z''<S>,{z), 

K(-fc),<i>i(z)] = -5^.iM5-3fe/2^-fe<j,^(^)_ 

(d) If^*{z) is a vertex operator of type II associated with V* , then 

[mz),Xr{w)] = 0, 

t,mz)t-' = q-'^^^*j{z), 



[k] j q^"2^'^z'^^j{z), type A 



q (^-i/2)fe^fc^*(^)^ typeBlP orDi^'' 



h(fc),$^(z)] = -5,1 

\a-(k)^*(z)] - ,[k]\q-^''z-''^j{z), type A 
K(-fc),<i>^(.)J - -^^^T j ,(-3/2).,-^^*(,), type Bk'Kr Di'^ 

We introduce the auxiliary elements aj{k) e Uq(h^) (fc e Z^) such that 

[ai{k),aj{l)] = 6ii6k,-^i, 
and for type An"^ we need the elements o„+i(/c) (A: e Z^) such that 



^From Propositions ( |5.l| ), ( p.2| ) and (5.3) we only need to determine one compo- 
nent for each vertex operator. 

Theorem 5.1. The 1-components of the type I vertex operator with respect 

to Vz : V{X) — > V{ii) ® Vz can be realized explicitly as follows: 

$t(0) = exp(J2 ^-^q^''+^^^'>''a-{~k)z'')exp{J2 ^g-(^+i/2)fe„_(fc)^-fe) 

for type BjP and Dn \ and where 6^ is a constant. 

$„+i(z) = expij: Mq("+5/2)'^a„+i(-fc)z'=)ea;p(E [Mg-("+3/2)fca„^^(fc)z-fc) 

xe^i (g"+22)SAi+(Ai|Ai-7r)^_-[^^aA^+(A„|Ai-7i)^M^ 

for type An'' and where 6^ is a constant. 



by 



The 1-component of type I vertex operator (z) associated with V* is given 
<i>l(z) = exp{J2^^q^''/^aj{-k)z'^)exp{J2^-^q-''/^aj{k)z-'^) 



k 



where is a constant. 
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Theorem 5.2. The 1-components of the type II vertex operator <^^^{z) with re- 
spect to Vz '■ V{X) — > Vz <8) V{fi) can be realized explicitly as follows: 

$i(z) = exp(-^i^g§a-(-fc)z'=)ea;p(-^i^9^aT(fc)z~'=^) 

xe^^i (q2)-9Ai+(Ai|Ai+7r) j-_-[^^-9A„+(A,.|Ai+7r)^M^ 

where 6^ is a constant. 

The 1-component of type I vertex operator $y(z) associated with V* is given by 

$f(z) = exp{~ J2 ^-^q-^^^-^/^^''a-i-k)z'')exp{- J2 §q^^-^^^'>''a-{k)z-'') 

Xe-^i(q-2n+2^-)-aAi+(Ai|Ai+7i)(^_-[^-j-aA„+(A„|Ai+7I)^A«^ 

for type bIP and Dn \ and where 6^ is a constant. 

a>;+i(z) = exp{- E lMg^'=a„+i(-fc)z'=)ea;p(- ^ [Mg-^'=a„+i(fc)z-'^-) 

xe^-^i (g"+22)-'9Ai+(Ai|Ai+7r)(^_-[^^-aA„+(A„|Ai+7r)^p^ 

for type An^ and where 5^ is a constant. 

For type Cn"^ level —1/2 the vertex operators are determined by the following 
result. 



Theorem 5.3. |]JK[ For the type one vertex operators associated to the admissible 
pair of weights (A,/^)= {^1,^2), (a*2,Mi)) (^31/^4)7 o.'^d (/i4,/i3) respectively, one 
has 

fe=i 
fc=i 

gA,(^(„+l/2)^)-Ai(0) + l^(Ai|M0g^+(gn+l/2^)^^^.^ 

where Cij are constants for the four cases {fXi, 11 j) with C12 = 1. 
Moveover the type two vertex operators are given by 

k=l k=l 

e-^-{q-^'^zf-(''^+'+(^-\^^^'^Z+{q-^'^z)c[j, 

where c[j are constants for the four cases {fii, 11 j) with d-^^ = 1- 
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